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1. Main Results 

1.1. A Brief History of Developement. 

The Calculus of Variations, in particular the theory of compensated compactness 
has long been a source of hard problems in harmonic analysis. One developement 
started with the work of F. Murat and L. Tartar and especially in the papers of Mu- 
rat ( |Tar78| ITar79l ITar83| ITar84t ITar90j ITar93] . and |Mur78j lMur79l IMur81j ) ■ The 
decicive theorems were on Fourier multipliers of Hormander type. For extensions 
of the use of Fourier multipliers in relation to sequential weak lower semicontinuity 
of integrals of the form 

(u,u)i-> J f(x,u(x),v(x))dx, 

and Young Measures and a full developement of the method see |FM99| . The exten- 
sions are due to S. Mueller (see |Mue99| ). who used time-frequency localization and 
modern Calderon-Zygmund theory to strengthen the results obtained by Fourier 
multiplier methods. 

Let u 6 L P (R"), with n > 2 and 1 < p < oo fixed, then the directional Haar 
projection P^ : L P (R") — > L p (M. n ), is given by 

P^u = J2(v,h$)h$\Q\-K 

For a precise definition see (|4.ip . In [Mue99j S. Mueller obtained the result 

\\P^u\\l^) < C ||u||^ R2) H^ull^ 2 ), (1.1) 

where Ri Q denotes the io~th Riesz transform in M 2 , ^ (ei, £2) = £ £ {0, l} 2 , and 
Ei a = 1. The formal definition of the Riesz transform is supplied in section O 

This inequality was then extended by J. Lee, P. F. X. Mueller and S. Mueller 
in [LMM07] to arbitrary 1 < p < 00 and dimensions n > 2 to 

llp( £ ),,ll <r C< IU, II 1 / min (2,p) ,, „ ., 1-1/ min(2,p) 

where e s {0,1}™ \ {0}, e; = 1. Note that the behaviour of this inequality for 
1 < p < 2 and 2 < p < oo strongly varies. The most important application of (|l,2j) 
appears for p = n. One can rewrite l|1.2p using the notion of type T(i p (R™)) = 
min(2,p) 

< cn<w"» | )iliott ||^^c-» 

The proofs of (|l.ip as well as l|1.2p are based on two consecutive and ad hoc defined 
time-frequency localizations of the operator P^ , based on Littlewood-Paley and 
wavelet expansions. 

1.2. The Main Result. 

S. Mueller asks in [Mue99j whether it is possible to obtain l|l.ip in such a way 
that the original time-frequency decompositions are replaced by the canonical 
martingale decomposition of T. Figiel (see |Fig88| and (Fig91|). This paper 
provides an affirmative answer to this question, and thus extending the interpola- 
tory estimate (|1.2p to the Bochner-Lebesgue space L^-(M"), provided X satisfies 
the UMD-property. 

Our methods are based on martingale methods, explaining the behaviour of the 
exponents in the following main inequality 11.31 in terms of type and cotype. The 
main result of this paper reads as follows. 
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Theorem (Main Result). Let 1 < p < oo, 1 < i n < n ande — {e\, . . . , e n ) £ {0, 1}™ 
such that £i a = 1. If X has the UMD -property and L p x has non-trivial type 7(L X ), 
then there exists a constant C , such that for all u £ L x 

\\P (e) u\\ LPx < C IMI^^ \\R io u\\ 1 L ^ /nLFx \ (1.3) 

whereas the constant C depends only on n, p, X and T{L P X ). 

Proof. First define M 6 N by 



2 M-l < H^oll^,^ NU| < . 



After using decomposition (|4.2p . the triangle inequality, estimates l|4.36p . (|4.14p . 
(|4,37p and plugging in M, we obtain 

M oo 

\\P (£) u\\ L ? x < \\P^ ) R- n 1 R t MLl+Y,\\ P ^o lR HMH + E W P ' u h x 

1=0 l=M 
M oo 1 

< \\R H> u\\L> x +Y, 2imLPx) W R ^h x + E 2" K1 ^ ) \\u\\ Lx 

1=0 l=M 

< 2 \\R 10 u\\l* + 2- M(1 -^ ] \\u\\ L » 



<c\\u\\%^\\R^u\\^y nL ' x \ 



□ 



The basic tools for the proof of the above theorem are vector-valued estimates 
of so called ring domain operators, developed in section[3l A careful examination of 
T. Figiel's shift operators acting on ring domains will be crucial in those estimates. 

Clearly, the main result, theorem 1 1.2\ represents a result on interpolation of op- 
erators, linking the identity map, the Riesz transforms and the directional Haar 
projection. We would now like to give a reformulation of our main theorem which 
places it in the context of structure theorems for the so called if-method of inter- 
polation spaces. To this end, we first introduce the if-functional, cite the relevant 
structure theorem and apply it to the inequalities stated as our main result. 

Define the if -functional 

K(f,t)=M{\\g\\ Eo +t\\h\\ El : f = g + h, g G E , h e 
for all f £ Eg + Ei and t > 0, and the interpolation space 

(E ,E 1 ) e>1 = {f : feEo+Ei, \\f\\ e ,i < oo}, 

where 

Il/lki = J o t- e K(f,t) T . 

The following proposition interprets interpolatory estimates such as the ones 
obtained in our main theorem in terms of continuity of the identity map between 
interpolation spaces. The following proposition is a result of general interpolation 
theory (see |BS88j Proposition 2.10, Chapter 5]). 

Proposition 1.1. Let (Eg,Ei) be a compatible couple and suppose < 9 < 1. 
Then the estimate 

||/IU<C||/|| flll (1-5) 
holds for some constant C and all f in (Eq, Ei)g t i if and only if 

ll/IU<c||/||^ e ||/|| e El 
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holds for some constant C and for all f in Eq n E\ . 

Now we specify how to choose the spaces E, E and E\ so that the two equivalent 
conditions of the above proposition match precisely the assertions of our main 
theorem, see inequality 1 .3(1 . 

Fix / £ £ {0, l} n , let R denote one of the Riesz transform operators 

Ri '■ L x > L x 

defined in section O where Si — 1, and abbreviate P^ by P. If we define the 
Banach spaces 

E = L\l ker(P), ||u + ker(P)|| £ = ||Pu|| £ , , 

Eo = L p x , \\u\\ Eo = \\u\\l%, 

E 1 =L p x /ker(R), \\u + ker(R)\\ El = \\Ru\\ L% , 

then in view of proposition 11,11 

(Eo, Ei)gs <—* E, 
is equivalent to the existence of a constant C > such that 

\\u\\ E <C\\u\\ eA , 

for all u s (Eo,Ei)e,i. 

We are grateful to S. Geiss who pointed out the connection to general interpo- 
lation theory. 
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2. Preliminaries 

This brief section will provide notions and tools most frequently used in what 
follows. 

At first we will introduce the Haar system supported on dyadic cubes, the no- 
tions of Banach spaces with the UMD-property and type and cotype of Banach 
spaces. The UMD-property enables us to introduce Rademacher means in our 
norm estimates, so that we may use the subsequent inequalities, that is Kahane's 
inequality, Kahane's contraction principle and Bourgain's version of Stein's mar- 
tingale inequality. 

Then we turn to Figiel's shift operators T m acting on all of the Haar system, 
where T m is bounded by a constant multiple of 

log(2+|m|), togZ™. 

Very roughly speaking this result due to T. Figiel is obtained by partitioning all of 
the dyadic cubes into log(2+|m|) collections and bounding T m by a constant on each 
of the collections. We will have to consider T m acting only in one direction (assume 
to 2 = . . . = m n = 0) on the Haar spectrum of certain ring domain operators S\, 
A > 0, and it turns out that T m restricted to this spectrum is uniformly bounded 
by a constant, as long as < mi < 2 A — 1. 

The Haar System. 

First we consider the collection of dyadic intervals at scale jeZ 

= { [2-^,2- J '(fc + l)[: k e Z }, 

and the collection of all dyadic intervals 

Now define the L°°-normalized Haar system 

Vi[W = l[o,i[(t)-l[i,i[(i), t€R 
and for any I G 3) 

, , s /t — inf I, m 

hi(t) = h [0>1[ ( ), teR. 

In arbitrary dimensions n > 2 one can obtain a basis for L p (R n ) as follows. For 
any e = (s\, . . . , e n ) G {0, 1}", e ^ define 

n 

1=1 

where t = (ii, . . . ,t n ) e M", Q = h x ■ ■ ■ x I n , \h\ = . . . = \I n \, h G 9, and by h\\ 
we mean 

* [lit ^i = 

Note that the former basis is supported on rectangles R, but the latter basis is 
supported on dyadic cubes Q. 
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Banach Spaces with the UMD -Property. 

By L' P (Q, n;X) we denote the space of functions with values in X, Bochner- 
integrable with respect to fi, If = E n and \i is the Lebesgue measure | • | onK", 
then set L p x (R n ) = L P (W\ \ ■ \;X), if unambiguous abbreviated as L p x . 

We say X is a UMD space if for any X -valued martingale difference sequence 
{dj}j C L p (Jl, n; X) and any choice of signs Sj G { — 1, 1} one has 

II E £ ^'L*>(n,«x) - %( x ) II E^L^n,**;*) - t 2 - 1 ) 

3 j 

A Banach space X is said to be of type 7, 1 < T < 2, respectively of cotype C, 
2 < 6 < oo if there are constansts A(7,X) > and B(Q, X) > 0, such that for 
every finite set of vectors {xj}j C X we have 

f || E r ^HL di ^ ^( T >*) (E im*) 1/t > ( 2 - 2 ) 

respectively 

f 1 \\T t r i^ x A\x^^ B ^ X )(T t \\ x i\\x) 1/e ' (2-3) 

where {rj}j is an independent sequence of Rademacher functions. 

It is well known that if X is a UMD-space, then for every 1 < p < oo the 
Lebesgue-Bochner space L p x has (non-trivial) type and cotype. Since inequal- 
ity (|2.2p holds for T = 1, respectively inequality l|2.3p with 6 = oo, even if X does 
not have the UMD-property, one often refers to 7 — 1 as trivial type, respectively 
to C = oo as trivial cotype. 

Kahane's Inequality. 

Given 1 < p < oo, there exists a constant K p such that for any Banach space X 
and any finite sequence {xj} C X holds that 

i/p r i Uw 

dt, (2.4) 



/ f 1 II p \ /p f 1 II 

(J II E r T (*) ^ x di J ^ y || E ^ (*) ; 



x 



where {rj}j denotes an independent sequence of Rademacher functions. 

Kahane's Contraction Principle. 

For any Banach space X, 1 < p < oo, finite set {xj} C X and bounded sequence 
of scalars {cj} holds true 

/ II E r i(*) c ^ P di<sup| Cj f / ||E r j(*)^' 1 l d *> (2- 5 ) 
Jo 11 ^ x j Jo 11 j x 

where {rj}j denotes an independent sequence of Rademacher functions. 

The Martingale Inequality of Stein - Bourgain's Version. 

The vector-valued version of Stein's martingale inequality states that if (ft, H, /z) 
is a probability space, 7\ C . . . C ? m C J is an increasing sequence of er-algebras, 
/i> • • • j fm £ L p (n, fi; X) and r\, . . . , r m are independent Rademacher functions, 
then 

/ HE^w E ^i^)IL P( o,^) di < c / IIE^)/*lL (M) d*, (2.6) 
j ° i=i j ° i=i 

where C depends on p and X. The Banach space X having the UMD-property 
assures C < oo. 
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Figiel's Shift Operators. 

The proof of the main result l|1.3p makes use of Figiel's shift operators |Fig88|. 
For any meZ", and collection SB of cubes Q C R" let r m : S§ — > £ 

T m (Q) = Q + ms\(Q), (2.7) 

where sl(Q) is the sidelength of Q. Precisely, if Q = I\ X . . . X /„, with |7i = . . . = 
|I„|, then sl(Q) = = ... = \I n \. 

The map r m induces the rearrangement operator T m , as the linear extension of 

T m h Q = h TmiQ) , Qe<%. (2.8) 

Let X be a UMD space, then the theorem of T. Figiel bounds the shift operator 
T m acting on L x by 

\\T m : L X ^L P X \\ <Clog(2 + |m|), (2.9) 
where C = C(n,p,%(X)). 

The Riesz Transform. 

Formally, we define the Riesz transform i?i by 

RiJ = K io *f, (2.10) 

■KioOg) = c « jj^+i » sc = (ii,...,a; n ). (2.11) 

Details may be found in |Ste70j and [Ste93j. 
Supplementary Definitions. 

£ = £(?i) = {ee{0,l}" : e ^ (0, . . . , 0)}, 

and 

£ J0 = {0,1}" : s io ^0}. 

For any operator T : — * L^- , the Haar-spectrum is defined by 

£\{Qe£ : (Tu,^ } ) = 0,for all u G l£ and e £ £}. (2.12) 

Given a collection of sets we denote 

o-(<<?) = p| : ^ is a cr-algebra,^ C srf], 
the smallest er-algebra containing . 
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3. The Ring Domain Operator S\ 



Here we define and study the ring domain operators S\, mapping u £ L\ onto 
the blocks Xva.\gQ t \ : Q € i?}, each supported on a ring-shaped structure, see 
figure HI from now on referred to as ring domain. The vector-valued estimates for 
these operators constitute the technical main component of this paper. 

The main result for the ring domain operator is stated in theorem [3.3 on page 14| 

3.1. Preparation. 

Now we turn to defining ring domains and their corresponding ring domain 
operators. Within this section the superscripts e are omitted, we assume A > and 
generically denote Hq one of the functions {/iq^Ie^o- 

Let D(Q) be the set of discontinuities of the Haar function Iiq, then 

D\(Q) = {xeR n : dist0,£>(<2)) < C2~ A diam(Q)}. 
First note that 

\D\(Q)\ <2- A |Q|. 
Now we cover the set D\(Q) using dyadic cubes E{Q) having diameter 

diam(S(Q)) = 2~ A diam(Q), 

and call the collection of those cubes U\(Q). More precisely, 

U X (Q) = {£eJ: diam(S) = 2~ A diam(Q), E n D X {Q) + 0}. 

The pointset U\(Q) covered by U\(Q) is illustrated by the shaded region in figureHJ 
wherein the dashed lines represent the set of discontinuities D(Q). 

The cardinality #Ua(Q) does not depend on the choice of Q, precisely 

#U A (Q)«2 A ("- 1 ). 

Now we define the functions gQ t \ associated to the ring domain U\(Q) as 

He- 



(3.1) 



(3.2) 



(3.3) 



E 

Eeu x (Q) 



The ring domain operator onto lin {gQ,\ 

S\u 



Q E £?} is then given by: 
l 



E ( M 'M 9Q,\\Q\ 



(3.4) 



(3.5) 



CD- 
EE 

T3 




o 
E 

T3 



Figure 1. Ring domain (shaded region). 
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The main tools for analyzing S\ are on one hand Figiel's shift operators T m , 
m £ Z™ , defined as linear extension of the map 

T m hQ = hq +m si(Q), 

and on the other hand Bourgain's version of Stein's martingale inequality. 

Before beginning to analyze our ring domain operator S\, we decompose gQ,\ 
into a sum of no more than 3n functions, well localised in the vicinity of the set of 
the discontinuities of the Haar function Hq . So for any Qe^we partition 

3n 



U X (Q) = \JU^(Q) 



i=l 



such that for all E £ (Q) holds 



r(i) 



U^(Q)c{E + j Ui : jeZ}, 



where Ui is one of the standard unit vectors of R™ . This partition induces a splitting 
of the blocks <?q ; a into 

9Q,\ 



i=l 



(i) 

We denote one of the functions 9q \ decomposing gQ^\ generically by gQ,\ again, 
and we may assume that the support of gQ.\ is aligned orthogonal to e\ £ R™, where 
ei = (1,0, .. . ,0). We split the operator S\ accordingly, and denote the operator 
aligned orthogonal to e\ by S\ again. So we have analogously to equation (|3.5p 



S\u = ^2 ( u > h Q) 9Q,x\Q\ \ 

with the support of gQ,\ now beeing localized in the vicinity of just one of the 3 
faces of D(Q) perpendicular to e±. 

Recalling (|2.8|l it is easy to see that for any u = J2q££ u Q IQl^ 1 e one 
can find functions {cq}q £ ^, \cq\ — 1 such that 



2 A -1 2 A -1 



£ cquq h Q \Q\ 1 = ^2 T mei S x u = ^2 S' 



A U, 



where we defined 



Precisely, cq is given by 



S^u = T mei S x u. (3.6) 



2 A -1 

C Q = hq ■ ^2 Tme 1 9Q,\- 

m=0 



Note that the shifted support strips U\(Q) of T mei gQ \, < m < 2 A cover the 
whole cube Q (see figure [2~on the next page| . So the well known UMD-property 
and Kahane's contraction principle imply 

2 A -1 

Nk w II £ CQ^/iQiQr 1 !^ = || £ 5 >>IL- ( 3 - 7 ) 

QGi2 X m=0 
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2 x diam(Q) diam(Q) 
I — 1 

Figure 2. The thin blocks gg^ with shaded support U\{Q) are 
shifted to cover the whole cube Q. 



3.2. Estimates for the Ring Domain Operator. 

The next Lemma analyzes the spectrum of S\ and prepares for the construction 
of atoms, used later in the martingale estimates for S\. 

Before we state the lemma, we build up some notation. Let n\ : 2> 2> , and 
define for any Je f 

7T A (/) = J, 

where the uniquely determined J £ 2$ is such that \ J\ — 2 X \I\ and J D I. Further- 
more let 

S§£ {l£ 9 : inf/ = inf7r A (/)}, 
such that for all J,K £ S3 with \ J\ ^ \K\ holds that 

\J\<\\K\ or \K\<\\J\. 

Lemma 3.1. For any A > 1 let < to < 2 A_1 , 

T(I)=I + m\I\, I £2!, 

then 

A-1 

l /n U U JUT m (J)\<-\I\, 

d=i Jesg 

\J\=2~ d \I\ 

for all I £ S3. 

Proof. First we claim that for any I £ S3 U T m (SS), 1 < d < A - 1 and J,K £ S§ 
with |J| = \K\ = 2- d \I\ holds 

(JUr m (J))n/^0 and {K U r m (K)) n / + implies J = K. (3.8) 

If we assume this claim does not hold true, then we can find intervals J ^ K such 
that 

(JUr m (J))n/^ and U T m {K)) D / 7^ 0. 
Since J ^ if we know from the definition of ^ that 

dist(T m (J),r m (JQ) = dist(J, JQ > (2 A - 1) |J|, 
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consequently 

dist(J U r m (J),K U r m {K)) > (2 A - 1 - to) \J\. 
Since I intersects both J U T m (J) and if U T m (K), we infer 
| J| > dist(J U T m (J),K U T m [K)) + 2 | J| 

> (2 A -m + l))2- d |/| 

> (2 A ~ X + 1) 2" d |I| 
>|/|. 

which is a contradiction. Hence l|3.8p holds, wich means that if 1 < d < A — 1, any 
interval I € U T m (3S) intersects at most one of the sets 

{JUr m (J)eJ : |J| =2- d |/|}. 

If such a J exists we denote it by Jd{I) £ -S^ and define Jd(I) = otherwise. Note 
that for small shift widths to or small J it may happen that Jd{I) Ur m (Jd(7)) C I. 
Using (f378j) we see that for every Jgf Ur m {SB) 

A-1 A-1 

|J n |J (J J u r m ( j) I =J2\ In ( Jd ^ U r ™( J d( J ))) I 

d=l J£3S d=l 
\J\=2- d \I\ 

A-1 

d=i 

oo 

< 2-^2- M |/| 
d=l 

The last inequality holds since for any J,K € |J| ^ \K\ implies |J| < or 
< il-^li thus finishing the proof of the lemma. □ 

Having verified lemma [3.1 on the facing page| we now turn to prove the following 
pointwise estimates for S\. There exists a constant C > such that 

< \\Sxu\\L* x <C\\S k x u\\ L * x , A>0, 0<fc,m<2 A , ueL p x . 

Once more we emphazise that these estimates are crucial for the proof of the 
main result l|1.3p . 

Proposition 3.2. Let X be a UMD space, 1 < p < oo and n e N. There exists 
< C < oo smc/i that for any k, TO, A G Z, wii/i A>0, 0<fc<2 A — 1 and 
< to < 2 A — 1 i/ie estimate 

£ \\S k x u\\ L » x < \\STu\\ Lx < C \\S k x u\\ Lx (3-9) 

ZioWs irwe /or all u G L^-. TTie constant C depends on n, p and X , particularly on 
the constant arising in Stein's martingale inequality. 

Proof. In order to show l|3.9p . we will first prove 

\ \\S\Al x < \\S?u\\ L * x < C \\S° x u\\ Lx , (3.10) 
for all A > and < to < 2 A_1 . Exploiting symmetry will also establish 

4 ll^f-^IU, < \\S?u\\ Lx < CWSf-'uW^ , (3.11) 
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for all A > and 2 A ~ 1 - 1 < m < 2 A - 1. Once we have (pUP]) and (f37TT]l . we 

5™} m are uniformly equivalent to S% 

A - 1 -i)^ 

'x 



gain (|3.9p . since all operators {S™} m are uniformly equivalent to 5| 1 (and to 



We begin the proof defining 

<T= {Q € ^ : inf ( ? ,ei> = inf (p.ei)} 
«eQ p£*a(Q) 

and the four collections 

A-l A-l 
^odd =UU ?n ^W> ^ e °ven = IJ U * ° ^W> 

jez k=o jei k=o 

k odd k even 

A-l A-l 

^odd=IJ U tfn^pj+DA+k, ^even-IJ U ^ H %y +1)A+fc , 

jez fe=o j'ez fc=o 

odd even 

each generically denoted by Apparently ^ is exactely the Haar-spectrum of S® , 
and the collection 33 was constructed such that we may apply lemma [3.1 on page 10| 
to its blocks of A — 1 consecutive levels with every second scale stripped off. 

With 33 fixed we claim the existence of a filtration such that for every 

j E Z and Q G 33 (~l £lj exists an atom A{Q) of Jj satisfying the inequalities 

|A(Q)|<2|Q|, \QnA(Q)\ > i|Q|, \r m (Q) n A(Q)\>\\Q\- (3-12) 

We shall use an auxiliary argument regarding overlaps of dyadic cubes from different 
A — 1-blocks, exploiting that cubes from different A — 1-blocks are seperated by 
at least A levels. This will become more obvious when considering the following 
argument. Let r m be the right-shift operation in direction e\, precisely 

t(Q) = Q + 2m sl(Q)ei, 

for all Qel 

Now for each Q € 33 we will define atoms inductively, beginning at the finest 
level of a A — 1 block. More precisely, fix an arbitrary b £ Z such that for any 
Q,Q' e33 with |Q| = 2- bn and \Q'\ < \Q\ follows \Q'\ < 2~ Xn \Q\. Initially define 

A(Q) = QUr m (Q), (3.13) 



for Q G 33n£! b . Assume we already constructed atoms on the scales b,b—l,...,j, 
while j - 1 > b - (A - 1), then define for all Q e 33 n =%_i 

b 

A(Q) = (QUr m (Q))\(\J |J A(M)) . (3.14) 

k=j M£3SC\3 k 

Applying lemma [3.1 on page 10| in direction e\ to the atoms A(Q) C Q U T m (Q) 
inside the block 6, 6 — 1, . . . , b — (A — 1) we gain 

b 1 
\QnA(Q)\ = \Q\-\Qn |J |J A(M)\>-\Q\, 

and analogously 

\r m (Q)nA(Q)\ > i|Q|, 
which yields (|3. 12(1 . Finally we define the collection 

Aj = {A(Q) : QefnJj}, (3.15) 
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and the filtration 

: f \. -(U'' ; <)- ( 3 - 16 ) 

i<j 

What is left to show is that every A £ Aj is an atom for the er-algebra 5j . 

To see this we argue as follows. First note that any two atoms are either localized 
in the same A — 1-block, or are seperated by at least A levels. If atoms A(Q) and 
A(Q') are in the same A — 1-block, then they do not intersect per construction. If 
A(Q) and A(Q') intersect and \Q'\ < 2~ A " \Q\, then since 

A(Q') C {Q'UT m (Q')) C ir x (Q') 

we have 

tta(Q0 n A(Q) ^ 0. 

Clearly, A(Q) comprises of cubes K which are at least as big as ir x (Q'), so \it\(Q')\ < 
\K\ and consequently 

A(Q') c A(Q). 

This means that Uj Aj ^ s a nested collections of sets, hence every A G Aj is an 
atom for the cr-algebra 9*j . 

Now, after all this preparation we are about to finish the proof. Having (|3. 12|) at 
hand and knowing that the collection Aj are atoms for 3j one can find a constant 
C depending only on the constants arising in l|3.12p such that 

i E {{S° x u)j | Jj) < E ((S?u)j | J,) < C E ((S° x u)j | Jj) (3.17) 

where {S x u)j and (S™u)j denote the restriction of the Haar expansion of S x u and 
(S™u)j to dyadic cubes in £lj, respectively. Furthermore one can see that 

(S° x u)j < C E (E ((S° x u)j | Ij) | (3.18) 

and similarly 

(S x n u) 3 < C E ( E | 3^) \£j). (3.19) 
Initially, by the UMD-property 

x J o ie z 

which together with Kahane's contraction principle applied to Q3.18P yields 



p 



j'ez 

Issuing Stein's martingale inequality l|2.6p for the filtration {=2j}i gives 



x Jo 



IP 

Iz-V 



which is in view of l|3.17p and Kahane's contraction principle dominated by a con- 
stant multiple of 

\\Y,r 3 (t)E((STu) 3 \? 3 )\\ P LPx . 

iez 

This time we apply Stein's martingale inequality to the filtration {$j}j, and sub- 
sequently make use of the UMD-property to dispose of the Rademacher functions, 
hence 



x J ° j& 
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Repeating this argument with S x and S 1 ™ interchanged and using l|3.19p instead 
of H3.18P we get the converse inequality 

\\S?u\f LP < \\S° x u\\ p LP , 

^x ^x 

a fortiori we obtain l|3.10p , that was 

]j\\Slu\\ L v x <\\S?u\\ L * x <C\\S° x u\\ L , x , 

for all A > 0, < m < 2 A_1 and u £ L p x , where C depends only on n, p and X. 

Observe that due to symmetry we may use the same argument for the operators 
S™, 2 A_1 < m < 2 A — 1, when we reverse the sign of the shift operation and replace 

S% by -1 . Therefore inequality l|3~TTjl holds true 

for all A > 0, 2 A_1 — 1 < to < 2 A — 1 and u £ L p x , where C depends only on n, p 
and X. 

Joining the last two inequalities via S x (or S x _1 ) concludes the proof of 
the proposition. □ 

Remark. By symmetry it is easy to see that 

\\S? : L^L^MIsf- 1 -™ : L\ ^ L x \\ 

holds true for all < m < 2 A — 1. Unfortunately, this does not help us with our 
pointwise estimates. 

However, we are now about to prove the main result on ring domain operators 

Theorem 3.3. For A > let S\ denote the ring domain operator defined by 

S\u= ^2(u,h Q ) gQ^xlQl^ 1 - 

When L p x has cotype C(L X ), there exists a constant C > such that for every 
u £ L v x and A > 

\\S x u\\ Lx <C2-^ L ^\\u\\ Lx , (3.20) 
where the constant C depends only on n, p, X and C(L X ). 

Proof. A simple application of Kahane's contraction principle shows that the esti- 
mate holds if we restrict A to < A < 1. 
So from now on we may assume A > 2. 

For < m < 2 A — 1 we defined in l|3.7p . the shifted ring domain operators 

S'\ n u = T m ei S\u. 
Observe that for all u £ L p x and 0<fc^m<2 A -l 

{Q£B : (S k x u, h Q ) ? 0} n {Q £ 3 : (S?u, h Q ) ± 0} = 0. (3.21) 
According to l|3.7p we know 

and since l|3.2ip enables us to use the cotype inequality in L p x we gain 

i/e(L x ) 



\"\\L' r Z \ 2^ ll'^A 
m— 



\C(L P x 
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Applying the result i|3.9|l of proposition |3.2 on page 11| which guarantees that the 
operators S 1 ™, < m < 2 A — 1 are pointwise norm-equivalent to S\ = S^, reveals 
the end of the proof 

^ m=0 ' 

□ 

Repeating the proof of theorem 13.31 without proposition 13. 21 using Figiel's bound 
on shift operators (|2.9p directly, would result in 

\\S x u\\ L » x <C\«2-V^\\u\\ L * x , 

where L p x has cotype Q(L X ), and the constant C depends only on n, p, X and 
C(L X ). The exponent < a < 1 is the exponent occurring in Figiel's estimate l|2.9p . 
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4. Estimates for P, (e) and P, FT 1 
For any u € L p x with 1 < p < oo fixed, define : L p x — ► L p x by setting 

In order to estimate the directional Haar projection operator P^ e \ we will de- 
compose in subsection 14. II into a series of mollified operators J2i -m 1 follow- 
ing |LMM07| . Subsequentely, J. Lee, P. F. X. Mueller and S. Mueller used wavelet 
expansions to further analyze P^ . 

However, in this paper Pj is decomposed into a series of ring domain operators 
c \(J,)S\(J,)i using martingale methods complying with UMD-spaces. 

This is done in section |4j where all non— trivial estimates for the operators P ; ' 
and P^R- 1 are obtained from the inequalities for the ring domain operators S\, 
analyzed in section [3l 

4.1. Decomposition of p( e '. 

We give a brief overview of the Littlewood-Paley decomposition used in [LMM07J, 
and continue with further decompositions in subsection 14.21 and 14.31 suited for the 
UMD-domain. 

As in [LMMQ7] . we employ a compactly supported, smooth approximation of the 
identity, to obtain a decomposition of the directional projection P^ into a series 
of mollified operators 

f (e) =E P / e ' ( 4 - 2 ) 
zez 

First we fix b £ C c °°(]0, such that 

b(x)dx — l, and / Xi b(x%, . . . , Xi, . . . ,x n ) dxi = 0, (4-3) 



for all 1 < i < n. This can be easily achieved in the Fourier domain. Let I £ Z and 
define 

Atu = u*d h where di{x) = 2 ln d{2 l x) and d(x) = 2 n 6(2 x) - b{x). (4.4) 
For any u £ L p x (W l ) holds that 



( 4 - 5 ) 



u 

where the series converges in L p x . Denoting J2j C =2 the collection of all dyadic 
cubes having measure 2 -J ™, we set 

p / £) « = E E (^A^h^hgiQr 1 (4.6) 

and observe that by l|4.5p for all u £ L p x 

p^u = J2p 1 {£) " 



I ") 



where equality holds in the sense of L p x , Setting fg \ — Aj+ihg , if Q £ J2j, we 
rewrite (|4.6p as 

p^u= 53 <«, yg>> fcg> IQI- 1 - (4.7) 
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4.2. The Integral Kernel of P/ e) . 

In this subsection we identify the integral kernel of the operator and 
expand it in its Haar series, exploiting Figiel's martingale approach. At this point 
we deviate significantly from the methods of [LMM07J. 

We intend to use martingale methods on the operators p/ e ' , therefore will take 
a close look at their kernels , 

(P^u) (x) = J K\ e) (x, y) u{y) dy, (4.8) 

where 

Kf\x,y) = Y, hQ(x)fQ%) M- 1 - (4-9) 
Expanding according to Figiel's approach into the series 

a./3e{o,i}" k,m,Q£&- 

(a,P)?0 \K\ = \M\ 

we will have to distinguish the following settings for the parameter (3: 

(1) [3 ± 0, 

(2) = 0. 

Note that due to the condition (a, (3) ^ 0, case <[2J) certainly implies a ^ 0. 

To ease the notation, we will make use of the following convention. We shall 
write Iiq, denoting one of the functions hq\ 7 G {0,1}" \ {0}, and 1q for the 
characteristic funtion kg. We may do so since the UMD-property and Kahane's 
contraction principle enable us to interchange equally supported Haar functions 
having zero mean. 

Using this notation, then the Figiel expansion (|4. 10|) according to the two dif- 
ferent cases ((3 ^ 0) and (/3 = 0, a ^ 0) both read 

K l (x,y)= (fQ,i,h M )\M\- 1 \Q\- 1 h Q (x)h M (y). (4.11) 

This is exactly the Haar expansion of Ki in the y-coordinate, actually not so 
surprising since we initially had Haar functions in the x-coordinate (see l|4.10p ). 
Figiel's expansion in M. 2n breaks up the Haar functions into smaller pieces and 
reassembles them, subsequently. We might have seen the algebraic form (|4.1ip 
simply by plugging the Haar series of u into the operator Pj . However, after a 
few purely algebraic manipulations, Figiel's expansion in both coordinates yields 
identity (|4TTT|) . 

Now we present an accurate justification for identity (|4.1ip . Therefore, we fix 
f3 £ {0, 1}" \ {0}, a e {0, 1}™ and rewrite ()4~10j) 

K l (x,y)= ]T (h Q ,h^)(f Q , h h M )\K\- 1 \M\- 1 \Q\- 1 h^(x)h M (y) 

K,M,Qe£: 
\K\ = \M\ 

= E (fQ,uhM)\M\- l \Q\- l h M {y) E {hQ^m-'h^ix). 

M.QEJ2 KeJ: 

\K\=\M\ 

In both cases a = and a ^ the inner sum 

£ (h Q ,h^)\K\-'hP(x) 
\K\=\M\ 
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is identically 

Hq{x) for all Q and M, 

for beeing either the conditional expectation of Hq , or exploiting the orthogonality 
of the Haar basis, respectively. Hence we obtain l|4.1ip . 

Now let = 0, which implies a ^ as noted before, therefore Figiel's expan- 
sion l|4.10p reads 

Ki(x,y)= ]T (h Q ,h K )(f Qth l M )\K\- 1 \M\- 1 \Q\- 1 h K (x)l M (y) 

K,M,Q££l: 
\K\=\M\ 

= E (fQ,iAM)\M\- 1 \Q\- 1 h Q (x)i M (y). 

M.QeB ■ 
\M\ = \Q\ 

Evaluating this expansion on the Haar series of u would correspond to developing 
the y-component of Ki(x, y) in a mean zero Haar series, so we proceed 

K l (x,y)= (fQ,iAM)(h K ,iM)\K\- 1 \M\~ 1 \Qr 1 h Q (x)h K (y) 

\M\=\Q\ 

= J2 h Q (x)h K (y)\K\- 1 \Q\- 1 (/0,l,lAfX^,lAf>|M|- 1 

\M\ = \Q\ 

= h Q {x)h K {y)\K\- 1 \Q\- 1 lf QM lM{h K ,lM)\M\- 1 



\M\ = \Q\ 

Observe, the inner sum with K and Q fixed is the conditional expectation of hx at 
a finer scale, hence reproducing Hk 

lM(hic,lM)\M\- 1 = h K , 

M<gK 
\M\ = \Q\ 

and we gain 

Ki(x,y)= (fQ,i,h K )\K\- 1 \Q\- 1 h Q (x)h K (y). 

K.QeB 

Note that we may lift the restriction \Q\ < \K\, since the sum l|4.1ip is parametrized 
according to the ratio of the diameters of Q and M in subsection !4.31 and split using 
the triangle inequality. 

As a consequence we may assume the generic expansion l|4.1ip of the integral 
kernel Ki(x,y) in order to estimate P/. 

4.3. Estimates for P, (e) . 

After analyzing some basic properties of the mollified Haar functions fg\ we 
turn to estimating P[ e \ guided by the behaviour of Jq\, which is mostly rooted 

in the different shape of the support of the functions /q\, I > and fg\, I < 0, 
respectively (compare the support inclusions in (|4. 12|) and (|4.13p ). 

As indicated t 
domain operators 



As indicated before we will dominate each operator P^ by a series of ring 



Hi) 
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We shall make use of the estimates for the ring domain operators S\ developed in 
section [3l 

Before analyzing the operators P^ , we want to find inequalities for the mollified 
Haar functions fg\. Let D^ e \Q) denote the set of discontinuities of the Haar 
function hq\ then 



'i 

If I > 0, then 



D\ e) {Q) = {x e R n : dist(s, -D (e) (Q)) < C2~ l diam(Q)}. 



j f [ Q % (x) dx = 0, supp /g C D\ e) (Q) , 

\f Q e ]\ < C, Lip(/$) < C2 l (diam(Q))" 1 

and if I < 0, we have 

J f Q %) dx = 0, supp /g c C7 21'lQ, 

fW|<C2-l'K"+ 1 ) 1 Lip(/g 



(4.12) 



l/W] < C72-I'K"+D, L ip(/< e >) < C72-I'K»+ 2 ) (diam(Q))- 1 . 



(4.13) 



The different behaviour of the functions fg \ appearing in the definition of the 
Operators Pj^ for different signs of I induces the cases I > and I < 0. 

4.3.1. Estimates for P ; (e) , I > 0. 

At first the operator Pi will be splitted according to inequalities (|4.17p . I|4.18p 
and (|4Tl9ll into 

Pi = Ai + Bt + Ci, 

see l|4.20p . Then we will show that each of the operators Ai , Bf and C ; * is domi- 
nated by certain series of ring domain operators, which are in turn estimated using 
the main result on ring domain operators, theorem 13.31 In this manner we gain 
inequality (|4.24p . which reads 

||P, : L\ - L\\\ < C2~ l{1 ~^\ (4.14) 
where the constant C depends only on n, p, X and 7{L P X ). 



Using identity l|4.1ip and dropping the superscripts, we rewrite equality (|4.8p 
(Piu)(x) = f K l (x,y)u(y)dy, (4.15) 



where 

K l (x,y)= (fQA,h M )h Q (x)h M (y)\Q\- 1 \M\- 1 . (4.16) 

It turns out, that the estimates for the coefficients (/q,j,^>m) are essentially 
determined by the ratio of the diameters of the cubes Q and M. 

(1) If diam(Q) < diam(M), using \D t (Q)\ < 2~ l \Q\ and the boundedness of 
fQ t l and Km implies 

\(fQ,i,h M )\<2- l \Q\, (4.17) 

(2) if 2~ l diam(Q) < diam(M) < diam(Q), then the measure estimate 

\Di(Q) n M\ < 2- 1 diam(Q) (diam(Af))"- 1 
together with inequality \A.12\ yields 

\{fQ,hh M )\ < 2- 1 diam(Q) (diam(M))"- 1 , (4.18) 
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(3) if diam(M) < 2~ l diam(Q), then 

when considering IA\>{Jq {) and f Hm — in inequality (|4,12p . 
Taking a closer look at the case diam(Q) < diam(Af), we observe that the 
coefficient (/q,z, /im) vanishes, if the support of /q,/ is contained in a set where \im 
is constant. More precisely, let {Mi}i<i<2« be the immediate dyadic successors of 
M, then if 

supp/ Q: ; C Mi, 
for an 1 < i < 2™, we certainly have 

(fQ,l,h M ) = 0. 

Now we focus on estimating the operators Pi , with kernel representation <|4. 16(1 , 
that was 

K l (x,y)= £ (fQ,i,h M )h Q (x)h M (y)\Q\- 1 \M\- 1 . 

Q,M£J2 

The different behaviour of the estimates (|4.17p to (|4. 1Q|) for the coefficients Jq.i nat- 
urally suggests to rearrange the series in Ki according to the ratio of the diameters 
of Q and M. So we split the set of all pairs of dyadic cubes £? x i2 in 

Ai = {(Q,M) : diam(Q) < diam(M)}, 

'Bi = {(Q,M) : 2~ l diam(Q) < diam(M) < diam(Q)}, 

6; = {(Q,M) : diam(M) < 2"' diam(Q)}, 

and define associated kernels 

Mx,y)= Yl (fQjMi)h Q (x)h M {y)\Q\- 1 \M\-\ 

B i(x,y)= Y {fQ,u h M)h Q {x)h M {y)\Qr 1 \M\~ 1 , < 42Q x 

(Q,M)eS, 

d{x,y)= Y (fQ.i,h M )h Q (x)h M (y)\Q\- 1 \Al\- 1 . 
(Q,M)ee, 

In the following reduction steps for any of the operators Ai , B\ and C\ we will 
decompose each operator or its adjoint into a series of ring domain operators. 

Reduction for A\. 

In this case the cube M can be bigger than Q. We recall it was mentioned subor- 
dinate to inequality (|4.17p . that the coefficients (/q,z, Hm) vanish if Hm ist constant 
on the support of /q ; ;. This setting is illustrated in figure [3~on the facing page} 

At first we parametrize the double series according to A, where diam(Q) = 
2~ A diam(M), 

OO 

A i u = Yl Yl {fQ,l,h M )h Q u M \Q\- l \M\- 1 

sl(Q)=2~ A sl(M) 

OO 

= Y A lA u - 

x=o 

Observe that with the ratio 

diam(Q) = 2~ A diam(M) 
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Figure 3. The ring domains (shaded) Ui(Q), Ui{Q'), Ui(Q"), 
Ui{Q"') contained in sets of constancy of the Haar function Hm 
(bold continous and dashed lines). 



fixed and recalling definition Q3.2jl we have 

{Q ■ (f Q ,u h M ) ± 0} C {Q : Q n D X {M) + 0} = U X (M). 
Using this fact one has the identity 

Ai, x u= u M \M\~ l Yl (fQ,hhu)\Q\- x h Q , 
Mea QeUx(M) 

hence glancing at Q4.17|) . utilizing the UMD-property and Kahane's contraction 
principle, we obtain 

\\Awh» x <2"'|| u mW\- 1 H q\\l- x 
MeJS QeUx(M) 

= 2~ l || u M 9M,x\M\- l \\ L y 

MeJS 

Applying the triangle inequality, using the above estimate for A^\, considering the 
definition of the ring domain operator i|3.5|l , and invoking theorem 13.31 yields 

oo oo oo 

A=0 A=0 A=0 
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Figure 4. The cubes M, M' and M" (shaded) intersecting the 
cubes E(Q) of Ui(Q) (thin lines). 



Evaluating the geometric series we attain the estimate 

\\A l u\\ LPx <C2- l \\u\\ LPx , (4.21) 
where the constant C depends on n, p, X and Q{L P X ). 



Being aware that with A > fixed, the collections U\(M) are not disjoint as M 
ranges over J? but the overlap is bounded by a constant depending solely on the 
dimension n and the constant appearing in the definition of D\(Q), we could have 
partitioned in a constant number of sets, generically denoted by 28 C such 
that the U\(M) would not have interfered with each other in the first place. Then 
one can repeat the argument above, with M replaced by one of the collections 28. 



Reduction for Bi. 

This setting is visualised in figure[4j Note that the cubes M are now smaller than 
Q, but bigger than the building blocks of the ring domain Ui(Q), so 2~' diam(Q) < 
diam(M) < diam(Q). We may use inequality i|4.18p for estimating (/q,/,/ia/). 
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This time we prefer to analyze B* , certainly with respect to the norm 
where Y = X* and - + - = 1. As before we rearrange the series to see 

i 

B > = E E (/<3,i) h M ) \M\- x h M u Q iQr 1 

A=l Q,ME&: 



A=0 

When restricted to the fixed ratio 



diam(M) = 2~ A diam(Q), 

note that 

{M : (f Q ,i,h M }^0}c{M : M n £>j(Q) ? 0} = U A (Q), 
so we can rewrite -Bf A w as follows: 

b* x u = 53 « Q i^r 1 E (/<w» m i^r^M. 

QS.2 MeU A (Q) 

Taking the norm, utilizing the UMD-property and applying Kahane's contraction 
principle to (|4. 18|) yields the estimate 

\\bi x u\\ lv <2- i \\ "Qier 1 E ML* 

QeS MeUx(Q) 
= 2- l \\ J2 u Q 9 Q ,x\Q\- X \\ LV 

In view of theorem 13.31 one proceeds 

oo / I 

\\BMH <Ell B !>ll4 ^a-'E^IIM^ <2-^2^-Ve W )) ii^n 

A=0 A=l ' A=l 

to conclude this case, retaining 

||Bfu|U« <C2-'/ e ( L -)|H| L ^, (4.22) 
where the constant C depends on n, q and Y. 

Reduction for C;. 

We may think of the cube M being much smaller than Q, even smaller than 
the building blocks of the ring domain Uj(Q), and we have inequality (|4.19p at our 
disposal. This is visualised in figure [5~on the following page| 

As in the preceeding case we aim at estimating the adjoint operator C ; *; so with 
Y — X* and ^ + | = 1 the usual parametrization leads to 

oo 

C l u = E E (fQ,l,hM)\M\- 1 h M u Q \Q\- 1 

X=l+1 Q,MeJ2: 

sl(M)=2- A sl(Q) 

oo 

= E c i> 
a=;+i 

Under the restriction of diam(M) = 2~ A diam(Q) holds that 

{M : (f Q , h h M ) ± 0} C {M : M n A(<9) ^ 0} ~ Ui(Q). 
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Figure 5. The cubes M, M' and M" (shaded) contained in the 
cover Ui(Q) (thin lines). 



Note that the last equality is not true algebraically, indicated by This notation 
is justified by the UMD-property and Kahane's contraction principle, which enables 
us to exchange zero mean Haar functions, as long as their supports are preserved. 

We proceed by applying essentially the same steps as supplied before, now hav- 
ing estimate (|4. 19|) at hand. Using the UMD-property and Kahane's contraction 
principle to l|4.19p and 

I Yl M 



< 



hM \ 



\9Q,i\> 



we gain 

IIQ>lk<2 ; 2- A || ]T UQgQ.jlQr 1 ]]^, 
thus, the triangle inequality and the above estimate for C ; * A yield 

\\c* x u\H < piu\\ LV 

Finally, theorem 13.31 yields 

\\Cfu\\ L « Y <C72"VeW), 
where the constant C depends only on n, q and Y. 



(4.23) 
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Summary. 

We combine the inequalities flUHD , f02]), [(4~23ll . exploit that for F = X* and 
| + | = 1 holds 

(!&)* = L\ and ^-y + = 1, 

to obtain 

||Pi : L£|| < C2 _K1_7 <^' ) , (4.24) 

where L p x has type T(L^-) and the constant C depends only on n, p, X, particularly 
on 7(L P X ) and G{L P X ). 

Very seperate reasons, that was the special shape of the support of on the 
one hand, and the constancy of the Haar function hu exploiting the zero mean of 
Jq : i on the other hand, enabled us to reduce the estimates for p to ring domain 
operators 

S\u = ^ U Q9Q,\ \Q\~ l , 

where 

9q,\ — hE > and u = E u Q h Q \q\~ x - 



4.3.2. Estimates for P ; (e) , I < 0. 

We want to find estimates for the remaining sum 

P-=5> 

i<o 

The argument is analogously to the case I > completed in 14.3.11 The splitting of 
£! x =S will be according to the behaviour of (/q, Iim) in l|4.27p and l|4.28p . inducing 
the decomposition of P_ . The functions /q are defined beneath. 

Dropping all superscripts we issue representation (|4.9p on page [T7| for the kernel 
of Pi 

K l (x,y)= J2 h Q (x)f Qtl (y)\Q\~\ 

and recall that for Q € £?j 

f<3,l = ^3+i h Q — h Q * dj+l = h Q * (bj+i+i - bj+i). 
Taking the sum over I < yields 

E fe i = h Q* d i 

l<0 

since lim^oo bj + i ' w '> 0, and so we define the mollified Haar functions 

/q = Iiq * dj , for all Q £ J2j. 

For the properties of the mollifier dj one might want to take a look at (|4.3p and l|4.4p . 
In this way we obtain the kernel K_(x, y) of the operator P_ 

K_(x,y)=J2 K i&y)= E h Q {x)f Q {y)\Q\- 1 . 

l<0 QeB 
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In l|4.12p on page [19] we observed that for I = there exists a C > so that for 
/ fq(x) dx = 0, supp fqCC-Q, 

J (4-25) 
\f Q \<C, Lip(/ Q ) <C(diam(Q))- 1 . 

Figiel's expansion, the UMD-property and Kahane's contraction principle yields 
the following generic form of the kernel 

K_(x,y) = (fQ,h M )\M\- 1 \Q\- 1 h Q (x)h M (y). (4.26) 

Again, we need to analyze the properties of the coefficients (/q, Km)- As in the 
preceeding cases, the estimates strongly depend on the ratio of the diameters of Q 
and M. 

(1) If diam(M) < diam(Q), we make use of 

Li P (/ Q ) <C(diam(Q))-\ 
according to (|4.25p and discover 

K/q, h M )\ < (diam(Q))- 1 (diam(Af))" +1 , (4.27) 

(2) while if diam(M) > diam(Q), one can exploit 

|/q| < C and supp f Q cC-Q 

to obtain 

\(f Q ,h M )\<\Q\. (4.28) 
The coefficient (/q, /im) vanishes if the support of /q is contained in a set where 
hu is constant. Precisely, let {Mi}i<i<2« be the immediate dyadic successors of 
M, then if 

supp/q C Mi, 

for an 1 < i < 2™, we have 

{fq,h M ) = 0. 

Hence, for diam(M) > diam(Q) the cubes Q for which (/q,/i^/) ^ cluster in 
the vicinity of D(M), the set of /im's discontinuities. 

We start the analysis of the Operators P_ using the representation (|4.26|) , that 

is 

(P-u)(x) = J K-(x,y)u(y)dy, 

and 

K_{x,y)= (fQ,h M )h Q (x)h M (y)\Q\- l \M\- 1 . 

Driven by i|4.27p and (|4.28|) , we split the set of all pairs of dyadic cubes =S x J2 in 
A- = {(Q,M) : diam(M) < diam(g)}, 
B_ = {(Q,M) : diam(M) > diam(g)}, 
and define the associated kernels 

A-(x,y)= Yl (fQ,h M )h Q (x)h M (y)\Q\- 1 \M\-\ 

B_(x,y)= ]T (fQ,h M )h Q (x)h M (y)\Q\- 1 \M\- 1 , 
(Q,M)eB- 

accordingly. 
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Estimates for v4_. 

In this case the size of cube M cannot exceed that of Q, so we may use inequal- 
ity (|4.27p . We rather want to estimate A*_ than A_ itself, therefore Y — X* and 



p 1 

Q and M yields 



1. Rearranging the series in A*_ according to the ratio of the diameters of 



A*-n = Y, E (fQ,h M )u Q \Q\- 1 h M \M\- 1 

X=0 Q,Me£t: 

sl(Af )=2" A sl(Q) 



A=0 

Taking the norm and applying the triangle inequality to the first sum 

oo 

\\A*_u\\ L « y <J2\\ A -,\ u h° Y , 

necessitates to estimate A*_ A . Utilizing the UMD-property and Kahane's contrac- 
tion principle (|2,5p applied to (|4.27j) . we infer 

\\A*_^u\\ n <2- A || E u Q \Q\- l h M \\ LV 

Qei2 a\(M)=2- x sl(Q) 
A/n(C-Q)#0 

For every Q E =2 we issue Kahane's contraction principle on 

^2 h M \ < \h Q \, 

sl(M)=2" A sl(Q) 
A/n(C-Q)#0 

keeping in mind that we would actually need a constant number of Figiel shifts of 
\iq to cover the whole support of this sum. Nevertheless, the bound (|2.9p allows us 
to estimate 

\\ a -A\l V ^ x \\ E^r 1 E 

sl(M)=2- A sl(Q) 
A/n(C-Q)#0 

< 2- A ||«|L, . 

II llijy 

To conclude, we string together our estimates, yielding 

\\A*_u\\ l p x <C|H] 4 , (4.29) 
where the constant C depends on n, q and Y. 

Estimates for £?_. 

In this setting the size of M does exceed Q. 
With the usual parametrization of -B_ we have 

oo 

B - U = Y. E (f Ql h M )h Q \Q\- 1 u M \M\~ 1 

\=1 Q,M^S- 

diam(Q)=2~ A diam(Af) 

oo 

= E 5 -^- 

Restricted to cubes Q,M € J2 with 

2~ A diam(Af) = diam(Q) 
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one can see that for all M the following holds true: 

{Q ■ (f Q) h M ) + 0} c {Q : (C • Q) n D(Q) ± 0} c U X (M). 

Successively using the UMD-property, Kahane's contraction principle applied to (|4,28l) 
and the inclusion above we obtain 

\\ b -M\l* x < II um i m i _1 J2 

= || u M g M ,\ (Afl" 1 !)^ . 

MeJS 

The main result on ring domain operators theorem 13.31 yields 

\\B-,xu\\ L r x < \\S x u\\ Lx < 2-VS(^) Wi , , 
hence merging our inequalities we attain 

\\B_u\\ Lx <C\\u\\ Lx , (4.30) 
where the constant C depends on n, p, X and C(L X ). 

Summary. 

Inequality l|4.29p and l|4.30p together imply the boundedness for the mollified 
operator P_ 

||P_ :i^iy<C, (4.31) 
where the constant C depends on n, p, X, particularly on 7(L X ) and C(L X ). 

In the case I < 0, the shape of the support of the mollified Haar function /q,; is 
not a ring domain, opposed to the case I > 0. So we cannot expect to reduce our 
estimates to ring domain operators in cases where the shape of the support of fqj 
is crucial. Revisiting the reduction to ring domain operators for I > 0, it is clear 
that the reduction to ring domain operators is feasible for the operator £?_, since 
we can still exploit the zero mean of /qj on sets where hu is constant. 

4.4. Estimates for P[ e) RJ 1 . 

In this brief section we will establish estimates for pj^'BZ 1 , I G Z by reducing 
them to estimates for . This necessitates that (Rig 1 )* maps the mollified Haar 
functions fg\ to functions kq\ enjoying similar properties. Due to the algebraic 
identity l|4.32p . this amounts to controlling the support of the kqj (besides factors 
depending on I). Assuming £j = 1, one can exploit 

supp (E io hff) Cft 

provoking the functions fe<3,z,, defined in l|4.33p to exhibit the support conditions 
asserted in (|4.34[) and l|4.35p . 

It is a well known fact that one can write the inverse of the Riesz transform as 
tfr o 1=i *io+ E io9iRi, (4-32) 

l<i<n 

where Ei denotes integration with respect to the io-th variable, 

rx i0 

^"i-o fy^) — / f (p^li • • • ) ^io — 1) ^5 ^io + 1 ) ■ • ■ ? *^n) ds, X — {x \ , . . . , X n ) . 

J — oo 

Now we introduce the family of functions 



ktfu = Aj+^dihg), if Q G (4.33) 
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and consider 



E 



Since the Riesz transforms are continous mappings, it is obvious that the first sum 
can be treated as in section l4~3l For the seond sum, we fix a coordinate i ^ io, 
rearrange the operators in the scalar product and use the functions defined in (|4.33p , 
hence 

E E (®i diRiU,A j+l (h$))h$\Q\- l = E^fcJi^Q^I" 1 - 

The continuity of the Riesz transforms Ri : L p x — > allows us to estimate the 
following simpler type of operator 

k^u= E^C^^i^r 1 - 

QG.2 

In order to estimate -Kj^ we need to analyze the analytic properties of the 
functions kn\ .■■ If Z > 0, then 



(*) = 0, supp c (Q) , 

Ifcgij < C2 ; , Lip(^L) < C2 2i (diam(Q))- 1 , 



(4.34) 



and for I < 



J k Q,l,i( x ) dx = °> SU PP C C 2^Q, 



1*41*1 < C72-l i K"+ 1 ', Lip(fc( e) , .) < (7 2-l'K"+ 2 ) (diam(Q))- 1 . 



(4.35) 



Note that the above properties of kg \ i especially depend on the coordinatewise 
vanishing moments of b (|4.3fl , introduced by A; in equations l|4.4p and (|4.6[) . Fur- 
thermore observe the definition of kg j i involves an integration of hg with respect 
to the variable Xi . Now if Ei = 1, then Ej is compactly supported in Q, but 
if £i = 0, then supp ( E io lig) is unbounded. This urges the dominating Riesz 
transform Ri to act on a coordinate Xi Q for which projects onto zero mean 
Haar functions, thus necessitating £.;„ = 1. 

If we compare this with the properties (|4.12p and (|4.13j) regarding the functions 
/q ], it turns out that the properties coincide if I < 0, and that 2~ l kg\ i5 satisfies 

the same conditions as fg\, if I > 0. Bootstrapping the proofs in section [431 we 
note that those arguments where solely depending on the analytic properties (|4.12p 
and (|4.13p of the functions fg\ . With regard to (|4.34p respectively (|4.34p , the same 

proofs are practicable with the functions kg \ f , if I < 0, respectively 2~ l kgj { , if 
I > 0, replacing fgj. Stringing this all together implies the following upper bounds 
for the operators K^ e ) and K^\, where 

^=E^- 

2<0 
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Estimate (|4.31fl implies 



\KU:L> x ^If x \\<C, 



and if Z > 0, then using estimate 14|) on 2 ' K\ e } yields 

\\K% :L\^L\\\<C1 l Wx\ 

where the constant C depends on n, p, X, particularly on 7{L P X ) and Q(L X ). 

Obviously, the estimate for the operators f/^i?" 1 ist just a constant multiple of 
the operator norm of K^), so we summarize: 



If £, = 1, then the following inequalities hold true: 

II i. 

H ■ ^ U X 



P^R- 1 : L X ^L X \\<C, (4.36) 



and for all / > 

WP^RT 1 : L\ - L\\\ < C2 l ^\ (4.37) 
where the constant C depends merely on n, p, X, 7(L X ) and G(L X ), 
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